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Abstract

At present, an algorithm for com putation of n-dimensional integrak & unkneyn A hearktic lor caleulation of
a ¢lass of n-dimersional Integrals over some subspaces of Euclidean space 15 deseribed. Application of the eurlstie
to defindie integm k over n-cube and n-symplex s presented. Nome of the oom puied integrals can be pomverted Into
an entry from the most extensive integral tables [15], [L6], [17] as well as from [1], [8]-[14].

1  Introduction

Muliiple Imtegrals ofien appear in com puta tons becawse ithey are elther a fimal or Intermediate solution o
mumen s subprohlems of sclence and engloeering. For example, In physles, douhle and triple Integrals constamtly
arise In mechanics, gquadruple Integrals [Feynman diagrams) are an essenilal part of relativistie quantum mechs nics,
frdimenslonal integrak appear In oflestal mechanles and soon. This, a fast multiple Integration laciliy & desirable,

The goal of the paper is to turn atteniion o the lopg-standing problem of evaluaton of muliple integrak. We
have to admit that the muelliple Integration s not yet developed In any com puter algebra systems: an algorihm for
it s unknown. Currently all muliiple integrals are calenlated by iranslorming ilem o mwpeat Iniegral. Moreoyver,
even such slmple procedure B guite time comsuming. How to speed com putation of multiple Integrals wp?

It 15 well known that a standard 1-dimensional Integratlon strategy Is as lollows. 4 computer algebra system
staris from heudstle methods (look up process, elementary caleuhs methods), When these methods fail, the iniegral
lssubmitted toan Integration algorithm. Such a strategy s efliclent because 1) the beurlstles am (much) [aster than
il algorithm; 2) the nput stream might coniain integrals which can be sueeesslully processed by the heurkiles.

As a eurlstle step in the muliple ntegration problem the author proposss o se a table lJookup technigue
using a lamge emough table eontaining explielt formdae lor a-dimensional In + E-pammealrie indegfinile Integrals
where [ Is small positive Integers, say 1, 2, 3. Sirategy s as lollows: I the search in the table is sueoessful, tlen an
operator depending on the Integration reglon should be applied 1o the comesponding entry of tle table at a glven
value of n; otherwlse a siralghtflorward integration should be performed. This dea poses the lolowing questions:

& lovw 1o decrease lookup process overbeads so that the lookop would be advantageons ai average?
& low 1o enlarge the existing st of the explicit lormulag for g-dimesional Integrals?

& lovw 1o deseribe the region and the variables of the ntegration?

& low 1o check I a glven Integral 1s a comvergent one? et

Prohahly it is beyomd a single article size o0 make a complele amalysis of very difficult problem of muliple
Integration; we presents an answer to the secomd gquestion. Let us recall that the theory of reskdwes provides a very
elficient method for evaluation of defindie integrals nvolving the elemeniary algebraile amd trameensdental Tuneilons
in pme variable. So one might expect that i s pessible o gemeralize the theory of resldues 1o 8 multivariate case.
Indeed, there & a meihod based on a local mesldues techndgue; the method allows s to evalisate deflinite mulidi
mensional integrals of ratkonal lunetions gver Ewclidean space B". Unlortunately, some Tuindamenial difficuliies of
topokegleal nature Im pese 8 serlous restriction tostriecture of the Integrand which can be caleulated even for radio mal
Tunctlons, To give an Impression of degree of the resiviction, we write out one class of ‘compuiahle’ integrals:

 Claemy + by + o) + )
where hir,,x;) Is a polynomial in 2y, 25 such that the integral converges absolutely [21].

Note that few n-dimermsional Integmk wem caleulated so far in view of the edreme difficulty of the problem.
The integrands of a consldemble par of the known Integrals have a similar algebrale strscture; in lact, they are
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some generalizations of Euler's beta fimetion Bip,e) = [§2*~" (1 - J::l""ld_l: to multivariate case, There am 11
tabular imtegrals taken owver n-dimesional cube and 22 Integrals taken over n-dimensional symplex. At present an
algorithm for computation of n-dimensional integral s unknown so nome computer algebra system can oom piie
such Integrals, Mewertheless, It 1s possible 1o compute a wide enoiagh class of n-dimemslonal Integrals ezactly with
tlee ald of the bewristle deseribed n Sectlon 2; application of It reguites a sizable amount of sy mbolic computations.
The key ldea of the metlod s computation of the eorrect answer In a systematic way, and then constructing, via
a regular approach, a rigorous prool of the computed explici lormula within the ramework of computer algebra
syslem or Tj]\m::nl'dnmhpmnm environment. The eurlstle presented here s a lurther development of those proposed
4].

in [3] and We summarke its scope in the following table:
Table: Comparkon of two methods of g-dimensional Integration
The theory of resldues The heurlstic
Integral type Definite Indefinite and definiie
Inmtegm tion reglon Euwclidean spape (A set of subspaces of ) Enclidean space
Integmmd class A subsei of rational limetions A subsei of elemeniary amd special lmetions
Complexity Polymomial Polynomial or ex ponential

We also presents 30 Integrals and a proof that none of them can be converted into the integrak in [1], [5]-[L7].

2 The Heurlstic

Definitions It b sufllclent lor our purpeses to define elementary lunectlons as lunctlons gemerated by applying
algehrale operation, exponentiation and lpgarithms o polynomiak Andiely many times. Let us Iniroduce two sets of
univadate [ tons as lollows: £ 15 the set comslsting of the elementary Tunetons and the error Tunction; £ 15 the set
ponslsting of the Anlte compesitions of elemenis of the set £, Further, let the EGFUN [Extended GFUN) proeedune

returns eltler an explict e presion for gererating function of some fnite sequence, or the empty sot @, Lt the
Integrand of f-dimensional Integral has il fxed lorm {54 83-F), where & and £ ave vectors in Euclldean spaoe B, -

dempies a sealar pmduct, \, denptes difference of two set, o, # E‘.I,%ET =0, m=1,n, =11 cementary n-
dimensional volumedfl, =[], dr;. Let 15 also fix once and for all for the glven structure of integrand two universal
sets [ and ¥ of 2" + 1 and 1+ 1 elemenis respeciively. These seis depend only on the o mpoments of vector & and
are ind ependent of linetlon [ lsell: 7, = [n, E_i;.__x i | e ﬂ}, where O B 11w set ol all combinations of elements of
theset M = {1, 2, ... ,n}and ¥, = {0,a;| i =1, n}. Let also define a unit n-cube &, = {z; =0,z <1 |i=1n},a
unit n-symplex 5, = {x; > H,Ef_ & = 1|i=Tn}. Let domain of fimction rank (z) 18 sero or a linear poly nomdal

in symhbolle varlahles [Le. ones which have no numerk valise Indtially ), rank (=0 and rank(z) = number of tems
Inm e i 2 0. At last, GCD & the greatest common divisor.

Heurlstle. Given a lunctlon f2) € £, It wles to find, islng an Integration Algorithm A, explicit formula
for fn-dimemsional a4 l-parameiric integral [-- - J{F+ &-F) d1}, taken over g-cube O5% or n-symplex 5.

Step 1: |Initialize|
M+ 15, A+ Algorithm [7]. Comment: The cholee of the minimal value of M Is a rather hard problem.
The author's ex perience shows that this cholee of A not leads to exeessive com putations; on the oiler hand,
it was sullickent to acoept It for swcossslul calewlation of all Integrals computed by us.

Step 2: [Compute indefinite integrals using algorithm 4]
T {m! [ of flzid™e| m=1M}L

Step 3:  [Contime?]
IT there is at st one unevalpated Integral In the set T, then return “There 15 m elemeniary n-dimensional
lmtegral’ and terminate the heurkile.

Step 4: |[Eliminate fractional powers?|
For each term =% In tle set T such that ¢ 1s 8 number 1 all the ' € K, then go to step 5. Otherw e flag

— 1 d+— GO (g, . @m ), g €0 2 — gl
Step §: |Trivial factorization]



Represent each element T; of the set T in the orm T; = Cafz) +E::El Cail21Bslz), where each £502) is
a polynomial and each By(x) E not a polynomial.

Step 6: | there a pure polynomial part only?|
I lor each T; € T each Byilz) =0, then Fz) + Calz) and go to step 11,

Step T: [Compute the supposed generating lunetions at once]
For each £z € £ dobegin Z;iz, 1) +— BEGFUN(L (200 o Ziz, 8 =W, then £+ £ £,02) end.

Step &: [Compute the remaining supposed generating functions step by step)
For each £;(2) € £ do begin  Z;(z, 1) + EGFUN [{coefliclent at =% of Lj(z) | k=0,M}); If Z;z, 1) =8,
then £+ 24 L) end.

Step 9: |Restore the remaining suppesed generating functlons using a mathematical data hase|
For each £;(z) € £ do begin  scan adata base containing sequences to find a proper GF; & (2, £) + EGFUN
(L)) i Zjiz,0) = @, then £+ £4L5(2) end. T £ @ then output ‘Failure: No matching sequence’ and
terminate the beurlstic. Comment: A reference book [20] can be consdered as such a *data hase'.

Step 10 : [Construct a sum?)
If for each m = 1, M degree [ Com (2)) < m, then go to step 11. T ntegration region B =y, then D +
{ffo. FIA+ET, axi) dly |m =1, M}; otherwise D+ {[ - fg [0+, airi) @ty | m= 1, M}
Represent each element D; € I In the form Dy;(x) = Pyplz) + Ef_:‘l Pyi(218;;(2), whereeach Py(x)isa
polynomial and each Bji(z) 1s not a polynomial. £+ { Palz) } and go tostep T.

Step 11 : [Construct a set for cheeking)
Flz) + %, £702)B; (), where the £ (z)'s are polynomials generated by the oormesponding generating lunet-
lons, M+ {fiz) — [i-:l“'L Fiz) |m=1,2M}. Comment: Computation of extra M terms increases
plasibility of conjecture that the computed generating lnetlons ame cormect.

Step 12 : [Reject the computed generating function?)
IT there is at most one element H; # 0 o the set H, then ouiput ‘Fallure: Incorrect generating lunctions)’
and terminate the heurktic

Step 13 : [Accept the computed generating function?)] o
Dbserving Intermediate expressions of TV F{§4+4-8), § =k, | and finding some uselul relations, try to prove
by Induction that { f(F+F-H—DF F(G+F-F) =0 | keN }. Ta proof & found, then go to step 14.

Step 14 : [Comstruct the explicit formula for n-dimensional integral]
Ifflag = 1, thenz + [§+&-B)?; otherwise, = + §+ & F. I reglon =y, then return nl ™" e

[—1)in-smakirl | a5 F(fi+&- 5, otherw e return 71™" ey, Ty (7 — (1 —brsy :|.-1,-:|'l Fli+&-5.

Step 15 : [Give a formal proof)
Tsing ldeas like these In the prool of the Theorem 2 [Section 4), constrict a prool that the symbollke sum is
Tormally equal 1o n-dimenslonal Integral of [ taken over the corresponding Integration peglomn

Step 16 : [Compute the minimal conditions of existence of the integral
Tramform the nverse trigonomeirie amd lnverse by perholle himetions In F into a logarithmic form. Find a
solution 5§ of linear Inequalities: { ¢y >0 | ¢; € @ }, where set @ conskts of arguments of each (nested)
algebrale and logarithmie Tunetlons 1o esure the minimal eonditions of reality of the integral Beturn 5 amd
termimate the eurlstie

Remark 1. It Is possible o modily the heurkile so that it conld caleulaie Indefinite f-dimensional Integrals
aof FiF+48-F), fiz)e £, We have computed all indefiniie integmk correspomnding o the iniegrals [1)-[30) ]:ﬁ?ﬁ]

Remark £ The ewrlstle can ako be exiended to proessing n-dimemssional integrals taken over “more
gom ple " Integration reglons O C E" as compared to cube O, and symplex 5, For example, let us define tle

following n-dimensional reglons: a unit n-sphere P, = {30, #F < 1}, a unit n-ellipeoid E, = {¥0, (% fe ) =
1}, & unit generalized n-ellipsold Go = {2 > 0, T0, (zefe)™ < 1| i =1, n}, a pesitive n-hallspace HF
{z; =0, 2; < oo |i= T n}, a oegative n-hallspace H- = {2; > —oc, 2; <0, | i =T n}, a unit n-cone N,
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[0 2 fei — 2afen < 0}, Further, let 15 define the set of reglons O = {Cy, 80, HF H Py, Ga En, Ny} and let
® denotes divect product. Then the presented heurktic can be applied io the rfg]::un ﬂ Elll :-: EIL; =0 6.

Remark 5. In reality, for recognition of the structure of sequences the author uses the GFUN package [19]
which approcdmates the BGFUN proced ure good enppgh, Glven the first terms of the sequence, the package tries 1o
com pite elther differential or algebrak equation satkfied by the geperating lunction (GF); I possible, the package re-
turns an explicit expression for GF. The gemerating lune ton for P, (2 ) of Section 3 was really ecomputed by GEFUN afl-
ter alittle belp, Unlortunately, the gemerating lunction for Q) (2 ) was not calewlated by it However, the package was
able to compute some subexpresslons of GFs In the ex pliclt lormulae for several n-dime slonal Integrals Invol ving tle
(oom plementary) ervor funetion or the square of it as a factor of the integrands [§]. It seems to be valuable to expand
the package facllities towards handling the quantities like 5, (n) =37 _, FI7 - --E‘g_l E‘“ N | - t which
have often arlsen during our com putatons, Tt might be pessible o use a (speclalised) prool development eovinon-
ment for comstroetion of the prool; et It seems 1o be a polot of Interst that In thl work the author actually 1sed
a CAS dlselfl In order do find an ldea lor a proper prool as well as do construct thls prool

Remark . @i should he emphasized that the apthor could not find correct repmseniations lor the Integrak of
Sectlon 3 without the @msential ald of a computer algebra system in view of an erorlland amound of computations.
In order to obtain the correct answer for some f-dimemsional integrals we peeded in evaluaton of edimensional
ones; this, ‘the paper-and-pencll’ method 1s not applicable. Actually the Integrator of Derive [18] was 1sed Intensely
at steps 2 amd 10, differentlal and recurrence equations solvers and solver lor finding Integer solutions 1o algebrale
equations at steps T, & at last, algebralk Inequalities solver was wsed at step 16,

Flgure: Striscture of computational environment lor f-dimemsional integration
| Derive = Pascal langus ge code <= Maple <= GFUN procedums |

Remark 5. Only a part of the compuied lormualae or n-dimensional iniegrals over s-cube O amd 5-
symplex 8, k presented In the work, The explicht expressions for Integrals nvolvieg Aaresind[A), Aarcsind (),
i=T73 k=17, erP(A), erf* [ Nexp[—A), where A= §+ & - F are described in [6].

3  Integrals which conno! be derived from the integral talles

Notations Let 7€ B, a; # a;, A = §+ 7. Further, §; = {}, 'Ij;-*'jll-} Is the Kronecker delta functlon, T(z) 1s

Euler's gamma lanethon, 2, (x) s the parabolic eylinder function foed by Egﬂ.[rj e+ 4 — D e) =0,
D) = T2 T[4 — dv), D2 |emo = —F2 T~ 4, [%] 1s the Integer part of number, Sofl) =
1, Bl = E:_l-';k_L[f:l."f k= 2), P! & the number of permutations of k things taken m at a time, and
polymomials Poiz), Qaiz) are defimed as Tolkows:

1]

1 3 n—: n ;
Em[m o Quix) = ()" ez + 57 (erfiz 4 ) —enllz)) |

) Bl = 5

At last, let us define the operators O and 57

k -
Co = Erew - 1:'[1‘ o [1” [ l- = Yorev. [Timi(r — (1 — s i) L.
andd ]m:::‘]m @ a fompact motation to emphaske Intereonmection of ﬂu1 JMrgraJE

{qn}.lr J F i, = [ﬁ.}{ } F B equivalent to _II' [ Fd, = CF (AF), Jr [ fdn, = 5% (BF).

Then the equalities lor n+ 1- amd 1+ 2-parametric ]nwgr.a.h (L)—[20) hpld; they am gomrawd hy our heurstic
Weassume v € B v > 0, ke M, >0 ca>—F|EeC} for integrals 1, 3, 5, 7, 9, 19 and

=0 o= -,-r| k=1 n}forintegrak 2, 4, 6, & 10, 20; further, {|#| < 1, &, pai>—-F—-1| E e} forin-
tegrals 11, 13, and {|F| < L, ¥, oy = —F—1 |k =T 7} for 12, 14. At last, {f € C a, € C|i=Tn } for 1518,

(5)-(6) (@Y fuoranm = (G} L(ewen - {7)mmd).



(7)-(8) { }f f]n (4 F) dit, = { } I:Ed;-.:.[ L™ PE Sy () A" 1) — {2} Siln) j]

Remar®. It B possible to use these basie' n-dimensional integrals lor generating a mumber of guasi-new lnte-
grals which can be of value for different areas, by various tramsformations (specifically, by monlinear subsiitutions).

The n-dimensional iniegrals (1)-(20) which were caleulated with ile ald of CAS are abseni in the most
extensive tables [15], [16], [17] as well as in [1], [8], [B], [10], [11], [12], [13], [14]. There exit algorithms which can
determine whether one integral can be converted nto the other one [22], [23], but these algorithms can only handle
integrals with fised mumber of variables. Nevertleless, it B possible 1o prove

TueorEd 1 Nopeof the integelk (1720} o be converted, by any transformations, o the entries corresponding
to n-dimensional integrak of the tables [1] [8]-[17].

Sketeh of the proof. Let s divide all 33 tabular n-dimensional Integrak [(including the reduetion lormolas)
taken gver undt n-cube O or (unit) n-symplex (5, &, Into 2 classes by the Iollowing attributes: 1) the total member
ol parametres in the Integrand; 2) form of the ntegrand argument and the total number of parametres In tle lnte-
grand. A [eonskderable) part of ihe tabular n-dimensional integrals cannoi be iranslormed into the presented ones
hecaise the ormer integrals hayve less than n4 1 parameires. The oiler part of tabular integrals and all reduction for-
mulse have the expressions [(370, ), [Tm, & (1— )™ flelT, 2, [Ty 2 [0, 2 e [T, *)
and f{1+ 37, ) as factors of the integrand. Therefore, the substitutions a) £y — F4+ mer, 55— aiw, 1= 20
and b)zy = FF14ayzy, 2;— ar;, i =2 0 kad to Integration reglons which not colndde eliber with O, or with
R, O

This, new n-dimensional indegrals are caleulaled due bo the crudal aid of CAS
4 Proof of the equalities {1)—(20)

Levua 1 Let the polynomials P () and Qnl2) are defined by the expressions (*). Then
Palz) = nF(2), 2R, (x) + FQalz) — 22@Qu(2) = n@ua(2).

FProof. It Is easy to check that both tle sum P, (2 and the expression P z) = _— e (A" satkly the
FH

equation Eﬂ—*"a_.l—l + 23l 9y ¥ (x) =0 with the same initial conditions. Therefore Py(z) = P (2). Differenti
ating ithe mp]h it mprmﬁ.]:m for P (2) and using Lelbnie's lormula yields

a

APz = #[—Eze*:'{i “Eﬂ+£'=ﬂ{£]“ﬂze=ﬂj] = Le-Fm(d)" e = aP, 2.

Prool of tle second relation s longer, but reguines ne new kdea. O

Lemsta 2 Let 3 be a scalar, 8 e a constant vector in B with 1 DOR-gef0 OMpOOenE &, ae,. .., 8, £ a
vectar in B* and A = § +4-F, D" = "8r .. .0z ade,, O =[], ai. Then the fofowing relations of the
type T FA) = J( A hold:

THrEoREM 2 The statements (L}-{20) hald,

Froof. All formulag [1-(230) can be proved from the uniflled view point. Let s order the variahles £; and the
oo ponents a; of vector & In direct lexkeographic order. Without loss of generality we can assume that any a; # 0.
Crilerwise, we eliminaie corresponding variables from the Integrand, remumber the remaining opes: trivial integration
over such varlahles ylelds [actor 1. First of all we will prove that the lormal sums at the r.hs, of the odd entries of
[L)—[20) are equal 1o the corresponding integrak over cube Oy, Sweeessive Integration over the x;'s producs the

Tollow ing expression with o potential substitutlons E. :
JoJrig+as o, = ML L (- ((FE+EENR)E )15 where (£)"Fiz) = f(z).
(=)



At each subsiliuiion E, over variable 25 we hoth ‘switch on' com ponent o in the argument of F and muliiply
F hy 1 at the upper Lmit. Similarly, we ‘switch off [zerplee) this component a; amd multiply F by -1 at the
lower limit. As nome of symbolle componenis can he cancelled, and each substitution douhles tle mumber of terms
ol the sort FUS+. .. ), tlerelore the total number of tle terms B preckely equal to 2" when all substitutions are
performed. Further, io ‘switch on', for example, compomenis ay,az,. .., ae [that 15 to obialn 8 term with tlese
oo ponenis only) after iIndefinite Integration in B | one must perform exacily 1n— k sulstituilons at itle loweer 1imit
which lead to factor (—1)'" %! Therefore, 1o gememte the above-mentloned term one must multiply expression
Flay, i, ..., 40 by factor [—1)in—8 = [—1jinskl = [_[jinsmakikll whore function rank(k) iz defined only on
gymbolle expressions and sero; the lmetlon returns nember of tems In 2 and rank () = 0. Aflter all one nesds
only 1o sum all terms of the sort [—1) ™™=l Fiihe set of all a;'s) over all elements of the set [T, Therelore, the
symhbolie sum represents the proper f-dimensional Integral over a-cube O,

Ag for unlt s-symplex 5, Inmtegration region, it ls sufflelent to rewrite lormula lor Integm] over n-sy mplex
via product of 1-dimermsional integral over =, by 1 — l-dimensional gme over unit symplex 5,y and Integrate, with
actual substitution, over vadable #,. Bepeating the prooss 1 — 1 times produce the expliell Iorm of the operator
L. This caleulation s cumbersomee, bt trivial enoiggh; we leave 1 as an exerclse to the Interesied reader. So tle
Tormulae (1)) are proved lormally.

At last, the restrictions on F amd the ag's are chosen such that all arguments of the logarithms and algerhrale
Tunctlons in the rhe. of (Li-(3)) were positive. Thus, taking into eomsideration findimess of integratlon regloms
Oy and 5 the mstrletions are the ‘minimal’ reallty and nlteness conditions [or the Integml In B they emsure
fi-dimensional imegral existence. This compleies the proopl O

5 Bpeed-up due to wing the explicit formulae for Integrals

It Is natural o expect that a slgnificant speed-up die o sing of symbolic sums can be gained only ai high
enough dimensiomality of space to integrate, but that s completely false. In fact, a spead-up of order 108-104 even
for triple Integrals 1s rather a rule than an exeeption. For example, the following inmooent Integral can be computed
via the cormsponding symbolle sum 2R 1imes [aster than -.;ln strajghtforward integration j§):

=53 o |agdF
J'.:. J;mjn ﬁ dzidaadsa

Apart [rom thelr Intrislc valee as pew examples of analytic Integration, the dicoversd lormulae [ 1)-(20)
enable 15 10 galn a dramatic speed-up In multiple Integrak computation using tle cormesponding symbolic sums
hecause they Invalaes the last operations only; the slowest of these operations k sy mbolle diiferentiation which runs
elficiently in all CA%s. Ourexperiments with the formulae show that the higher dimermsion of space 1o Integrate il
greater spesd-u.

The oiler aspect of this research k& an opporiunity of fast aumerie high-pecsion evaluation of certain class
of Integrals in high-dimensional spaces (say, In 100 or 1000-dimensional) [5] . Thi can be ised for approximation
of some continual Integrals which are of great interest for quantum mechanics; the question & under study now 6.

We sigggest to use hoth ile standard tabular explicli formulae lor f-dimemsional integrals as well as ile
Tormulae [L)-[200, alter some ndependent reproving, lor using a leokup techmgue or for the mathemalical data
basge extension of compuler algebra syalems.

G  Two conjec tures

Lt umit n-cube O and the it a-symplex 5, be integration reglons in B | the ntegrand has stroctore {544
&+ F) amd n-dimensional integral can be epressed via finite sums. Then two lollowing conjeciwes are supported by

44 computed integrak (3], [4], [5], [6] :
. — Vin gy rak (e N e
[cnfr J’rf[ﬁ+E_E':| #ly = Vin, g, 8 + el e TE‘[ 1) ’_:Zj:c;ur-h,::ﬂ,m-h,::,

1 I S P 2 Lil+rn) R;([0+7n)
[C2) f;-ff[ﬁ"‘f-f)ﬁ]h - oy £ eg)! (1- [t F,&) + TE :,'l_|_ fr—(1 —I'-"-raj :EI:.-,:I ] :

where V5, @, 4) Is either an 5-fold sum or sero, £;(2, 1) Is 8 polynomial in 2 and o, € K

T Open questions for future work
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At least, there are three guestions: 1) What is the exact class of Integrands lor which there exkis a “closed-
form' expression lor n-dimensional Integral (Invelving fnite sums only) 7 2) What are the most general exklence
eonditions forintegrak (130 U5 €, a; €T 7 3) 31t possible to caleulate some mon-tabular imtegrals nvolving
special Tunetions different Trom the error lunctlon and ile parabolic cylinder lunetdon? We have a precursory data;
in the mext paper we hope 10 aswer this question affitmatively by combining tle technig e deseribed in this work
and that developed in [2] which is based on an approach using the Meijer él’l:m:llm amd emables 15 1o Integrate
Tunctions of hypergeometrie 1ype.
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