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There & a wide varlety of techniques for numeric computation of a moltl-
dimensional Integral (MDI). The cholee of the technlgue to apply depends rather
on the integration reghon than on dimension value of space to Integrate.  To put it
approximately, If one confines onesell by Now'-dimenslonal spaces, mear, say, up to
10-dimenslonal ones, aml & modest socuracy, say, about 10 decimal digits, then it is
pmeaible to apply suwecessfiully 1) the (Quasl) Monte Carlo methods family (QMC)
which are based on wsage of | pon)-psewlorandom numbes — especially for "compli-
cated’, 'Irregular’ Integration regions; 2) the multi-dimensional quadrat ure me thods
family constrected from several ome or low-dimensiomal quadmtures by a "direct
product’ operation (DP) {especially for "simple” | ‘regular’ regions such as hyper-
parallelepiped, gemperalized ellipsold or it surface, direct product of a E-dloe nsbomal
aphere by -dimensiomal cule ete].

Any good numerle library like WAG Fortran Library Inclindes a few stamdard
subroutines in which algorithms are implemented of both MC and DP classes for
comput lng of above-ment loned Integrals, e.g., DIFxF within the NAG package. Note
that ome can wsually get, at most, double precision, some 16 decimal digits, with such
a kimd of software.

In "high'-dimensional spaces, when a large accuracy = required,  the mentlomned

techndgues will fall because of thelr exponent lal computational complexity, for exam-
ple, if one needs to evaluate an MDT in 1000-dimensional space with sccuracy of 1000

decimal digits. Certalnly, It is lmpossible to do for an arbltrary Integration reglon
amd an arbitrary integramnd. However, there are a number of MDIs taken over ‘slm-
ple’ regions (hyper-rectangle, n-sphere, n-slmplex ...) which can be elther reduced to
1- or 2-dimensional integrals or even evaluated exactly In elementary aml/or speclal
functions. In the latter case, one can wEe a computer algebra aystem (CAS) to eval-
uate the MDT under solutlon symbolically and then to approximate the output to the
required aocuracy.

Unfort unately, the total number of the known MDIs expessible throwgh a closed
form is still pretty little at present.  Solt ls natural to try to fed some new formulas
of this kinmd.

If dimension of space 1s high enough (near 100 or greater) then 1t becomes, In
view of the limitatlon on part of imposed on the amount of the clocking rate value,
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random access memory aize aml existense of intermediate expressions swelling plhe-
movimenon, an lmpossible practical task even for the state-of-theart CAS ke Axlom,
Macayma, Maple, Mathematica running on a high-performamece computer to get an
MDT directly, thowgh sach Intermediate integral s atill expressible in a closed form.

In [B85] it was suggested to use a computer algebra system to gain an in-
alght of the exact structure of the solution of an n—dimensional integral using an
algorithm-like heurlstic, amd then to prodoce a rigormous proof of the result (by ws-
ing a CAS amd for ‘paper-aml-pensil” techndgue) . For example, we have evaluated
emclly, by guemaing and proving, some a-dimensional integrals taken over an n-cube
with arbitrary n, which are absent, amongst other handbooks, in the most extensive
Brychkov—Prudnikov-Mar chev talbles,

Instead of direct numerical computation of an MDT using the QRMOC/DP tech-
nigques, which might be beyomd stralghtforeard computation, It is possible to eval sate
a proper d-dimenslomal Integral wing a CAS and a low-performance computer, then
subsitite the concrete values of the parametres, amd then approximate the resoli-
ing |(usually, compact) out put wsing arbitrary preslsions numerlbeal procedures. For
example, the following integral can be computed with esase:
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20582 62321 40765 00419 50054 55078 TADED 12305 35585 33008,

The 248 above exact digits of the Integral were taken In 58.1 secomnds wsing a
aimplest Pentlum Intel 286 based computer with 12 MHz clodk rate, RAM of G40 K,
amd Derive computer algebra, vwerslon 2,508, The size of the abstract prevents us from
giving the complete proof of the statement.

The Integramds of computed by the author MDOIs, up to o, Iovol ve the simplest
miultlvardable functions only., There are, at least, three open questions ¢+ 1) What
Ia the exact class of Integramds Involving the elementary funethons, for which there
exists an exact closed form expression (say, MDI Is taken over n-cube) T 2)1s 1t
pomeaible to fnd MDIs involving a special functionis), which still yield a closed form
formulas (say, MDI is taken over n-cube ) T 3) What s the exact set of a-dl e ns bomal
integration reglons different from n-cube for which are still possible to fnd a closed
form expression T

Fimally, it seems interesting to note that wing of the explicit n-dimensional for-
miulas for high- precislon approximat lon of MDTs v direct computatlon of MDIs even
in Srdimensiomal space can produce speed-up of 10,000,  and the higher dimension
of apace to Integrate the more dramatical speed-up one obtains.



