Computer Algebra System a8 a Tool ¢
Exact evaluation of definite n—dimensional integrals with wadelermined a priory Integer

Viadimir V. Bondarenko

Diepartment of Applled Mathematics, Unlwesity of Slmleropol,  Simferopal, Ukraine
E—mail: vwhficessuerimea.sa & svaliexplerk.erimea.ua
Phome: [+38) (65342040 Fax: [+38) GH2-2T2332

Extemnded Abstract

A pery pestrlcted number of n-dimenslonal Integrals was taken up to mow. S50 1t B naturally 1o try to extend
the st of such Integrals as far as possihble. Most of these Integrals s due to Jacobl [owver sphere), Dirkehlet
jover simplex and generalied ellipsodd"), Livovlle [over simplex and cube), Cauchy [over cube), K. Sonin [over
sphere), E. Catalan [over spherical surface).  The bask prool methods were Induction, change of varlahles and
diferentiation wri parameter.

At present an algorithm or ewluation of n-dimemsional inegrals with undetermined a priory 1 s still unknown.

MNevertheless, a computer algebra system [(CAS) can be comsidered as an efficlent enough tool lor eract evaluation
ol fi—dimensional definiie Integrals with undelermined a prior Integer 1 over some ‘regular enough’ reglons [RER)
in Enelidean space E". Al present the author canngt give a sitiet definliion of RER; by ‘regular emough'’
reglon we understand a highly decom posable reglon Rsuch that RC B, R=uf Ry R CR, k< natn® ],
and all the i are smeeoth.  Tosupport this statement, the autlor presents 2 of more than 15 Integrals taken
over ni-cube and n-hall-space [B9G].  The main idea of the research & to recognize the exact answer for arbitrary
integer f [slng two heurkties) and then (o construct the rigorous prool of B, Note that it might be possihle to
use a (Epeciallsed ) prool development environment for getting the proof;  § seems to be Intemsting that in this
work the amthor sed a A5 itsedf hoih to gel an idea for a proper prool and o constructd the prond.

Let 'y be direct product of # intervals [(,1]; Hy be direct product of n intervals [0,00); @1y = dedes. . . dea,
d-Fisa dot product in B* and a constant vector & has the compomentsa; # (. Let also assume for the formula (1)
il resiriciions ET-;_lﬂj ==, F=-1. Then(1)-[2) integrak over O and H, reglons hold (1t means that
the correct strectums of rhe, were Iound and then rigormsly proved, by proving cormesponding Mentities lor Her
ated derbatives) :

An example of Integral over a—eube 7 ¢

W [ fmprana, = - 31+ —— T -ntrek e tng e 0z
o, =t ol [la;res.

where [ 2) s Euler's gamma lunction; the seoond Em;lh taken over the set 5, which depends on dimemsion ool

space B" and components a; of § : 5, = {n, Ejr:E a; | EeC{L2,... ,n}} cand O{1,2, ... n} s the set of all

the combinations of elements of theset {1,2,... ;n}. The domain of function rank(x) & exactly the elements of

the above delined set 5, rank(()=0 and rank(z) = number of ems In 2 I 2 # (0L

An example of Integral over n—halfspace H, (b #0 nkmel kZn+m):

m

a.Fjm n! (k—n—tn— 1)1 Bt — 1
(2 )r (9 + 2277 iy = m (k-n-m—1) 2 (( nri —Ij )E[j.n)].
Ha {]

(bo-+5-£)F L | =

LThis region is defined as | {zfa b 4 [zafea ™ + frcfacf™ €1 | 3y 20,73 2 0,25 >0 ].
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where 3 fm,n) = £F L (55) - EE e (5020 Tl (35) and TF(0,0)= (2"

Additional “hase’ DMIAM: over reglon O, are taken exactly with the ollowing intesrands: aretan| 4+ 8- 7,
arcfanh [ f+8-F), areginld-F), oresinh(d-F) and erf(F + & F) and some others; also over 10 integrals over 5,
reglon are described in [BO9G).

At prsent an algorithm which s abke to declde whether one Integral with arbitrary numhber of varlables can he
oonyvirted into the otler one B alse unkogwn yei. The algoriihms were deseribed dealing with foeed mumber of
varlables ‘only' [T90), [WZ92].  Nevertheless, as a rule an expert can recognise the case without failure almost
always due 1o his ntultion and some additonal computations. Chywer LS defindie muliple Integral with arhiirary
multiplicity (DMIAMs) which were eractly taken with aid of CAS are given in [BS6].  None of these DMIAMs is
present in the most extensive and new tables such as [PBMA&1] as well as In the set of others: [GRT1], [D61], [H6Tc],
[He4]. As an expert the author states ithese Integrals canmot arlse as a comseguence of any tramslormations of
the entries of the above-mentloned tahles.

Moreowver, it should be emphasized specially that the author was not be able to ind the cormect exprssions lor
tlee abgve—mentloned iniegrals without tle CRUCTAL ald of CAS in wew of an esorbilant am ound of computalions.
Henee, 1t seems some really new Integrals are evaluated due do crucdal aid of A5

The propoesed techniqee Tor recognition ol r.hs of n-dimensional Integral 1s hased on jolnt sing of twe henrktio.
In author's opinion, the first heurktle often hrings a part of Information [asier than ihe secomnd one.

The frsi heurktie,.  Compute the sueomssive indefinite iImegmk in B witha =1, 2,3, .. uniil a hy pothetically
right struciure of summand ncluding a summation-independent facior he geessed 1sing steps T1-—H.

Il Change all mimbers the Integrand under conslderation Into Integration—inde pendent parameters.

12 Integrate the wsulted parametriesed indefiniie integral

I3 IF any polynomial in lniroduced parameter(s) (specifically, 8 non-zero ponstant) s detecied in the corme-
sponding defindte ntegral THEN IF  ilere exists only a pure polynomial part (PPP) In the output of the
above mentloned indefinite integral THEN  wse PPP asin M; ELSE  throw off PPP: i wil be caneelled
alter all the substitutions In the delinlte Integral.

I4 Try torecognlze In the output some known mathematical structures like a perfect power ete completely in
spirit of steps D6, DE, DT, DR of tle seeoond heundstle;  express mumenc comstanis via dimemsion of space [eg.
in B* constant g; can be interpreted 85 i = morem #1e).

The second eurlatle,  Compute the suceessive defindle Integrals in B* witha =1, 2,3, ... uni a hy pothetically
right answer he guessad 1sing steps 01— D& :

Dl Change all mumerle opefliclents (ncluding factor 1) and comstants (10 any ) in the Integrand wnder conslder-
atlon into Integration-Inde pendent parameiors.

D2 Setn=1. (It would he harder 10 recognke some known [sub Jexpressions at large f.)

D3 Ewluate with ald of some CAS the exact value of the DMIAM at given n.

Dd I there Is a sum, expamd each coefficlent amd each argument of Donetions Inalved In the ex pression of the
opm puied sum term by term.

Dh Ty to [actorlse each term of the sum (It alko might lead to Insight) n spleit of step D,

D Try to mstore correctly mumbers amd symbolle monoms which are reduced by CAS by defauli [eg. one
need o recognize 5 In § or 25 In & and soon).

DT Try to recognize some koown meath streeture in the gutput terms ke a hinomial eoelflclent, a [actondal, a
perfect square/cube/n* —power ete Involving all the parameters or a part of them.* Try to rearrange the computed
data towards some koown things; grasp some pattem. Then alter spemsding some time set 1 = 1+ 1 Tor checking
ar further geessing,

Mhere are tools inglde some CASs for better guessing a mathematical structure. For example, in REDUCE one may use ihe
operator STRUCTR — and ihe siruciure will be printed effectively as a tree. Sex alko a remark on GFUN and GUESSS.
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D& If a peaspnable confidence level In guessed arswer I8 achleved then STOP and iry o prove the lormuola,
othberwlse go o step D3

It slould he emphasized speclally that the author could not guess the corvect expressions Ior the abowe
meenilomed integrals without the CRTUTCTAL ald of CAS in view of an erordiland amount of computations.  Actuwally
integrator of Derive [RS05] was wsed very intemsively at the steps D3, I2; factorizer at the steps D5, DG, DT, I4
and differentlation 1o search lor and check Herated derlvatives up while oking lor a prool

Remar.  For recognition of tle structure of comstants of the above-mentioned more than 15 DMIAMs the
author also tried to use jolnily GUESSS procedure by Harm Detksen amd GFUN paclage by Brumo Salvy & Paul
Tmmermann [version of March 4, 1992) [rom MAPLE share lihrary and had 4 suecesalul cases and 1% [alures lor
il glven versions.

The main and obvimes draw hack of the deseribed approach s necessity of computer-aided human recognlilon of
some matlematical sructures a part of which might he NOT known in advance e g, such as mulilsum }:*[m, )=

a5 T e (527 Tl () 10 (2),

Tp tonow all the integrands of diseowered by the author DM TA Ms lnvolve simple enpugh mulilvariable lunetions
and all the lntegrals were taken over O amnd H,, reglons only S0 there are, at least, 3 open questions: 1)
What ls the exact ¢lass of Imtegrands Involving elementary lunctioms, or which still there exdsts an exact closed
form expression® (DMIAM s taken over %, or Hy,) ? 2} What Iz the exact set of n—dimensional Integration
reglons different from O and Hy, lor which 1t s st possible to find cosed-form expressions ¥ 3) Is It possible
to et somee mew i-dimensional inbegrals involving more SPECTAL lunctlon(s) over some “regular enpugh’ reglons
? The awthor has an impression this gqeestion could he answered by combindng the technigue described in this
paper and that developed in [AM)] which enables 1= to ntegrate funetions of hypergeometric ty pe.

O course, using these basle’ DMIAMs 1t 1s posible by varlous traslormations (specifically due to monlinear
substlintlons) 1o gemerate o number of guasi-new DMTAM: which can be of walue for different areas.

The author suggesis to 1se the DMIAMs formulae for the mathematioal dala base erension of compuler algelra
aystemas, alter checking them up by Independent experts.

The explicit Iormuae for rhe of DMIAMs (tablke lookup technolgue) would ako kad to dmmatic (often of
order 1F-10 even in B spesd-up due to evaluation of symbolic sums instead of direct compitations of the
corresponding integrals [BOS), [B95a), [BSG]) — because construction of an internal re presentation tree via the sums
requires essenitially less memory cells, though it s still of expopeniial compleciiy In number of modes at the worst
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